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On Aluthge transformation and weakly unitarily invariant norm
1.
$\mathcal{H}$ , $B(\mathcal{H})$ $\mathcal{H}$ $T\in B(\mathcal{H})$
, $T=VP$ $T$ polar decomposition ( , $P$ :positive semi-definite,
$V$ : partial isometry satisfying $V^{*}VF=P$ )
$0\leq\lambda\leq 1$ $T$ $\lambda$ -Aluthge transformation $P^{\lambda}VP^{1-\lambda}$ ,
$\lambda=\frac{1}{2}$ , Aluthge tmnsformahon ([A] )
$|||$ . $B(?t)$ weakly unitardy invariant norm, ,
$|||VXV^{*}|||=|||X|||$ ( $V\in B(\mathcal{H})$ : unitary, $X\in B(\mathcal{H})$ )
$T$ invertible , unitarily invariant norm $|||\cdot|.||$
$g(\lambda)\equiv$ $|||P^{\lambda}VP^{1-\lambda}|||$ $(0\leq\lambda\leq 1)$ , $g(\lambda)$ convex $g(0)=g(1)$
, $\dim \mathcal{H}=2$ , $g(\lambda)=g(1-\lambda)$ $\mathrm{A}\mathrm{a}$ , $\min_{0\leq\lambda<1}g(\lambda)=g(\frac{1}{2})$
, $\dim \mathcal{H}\geq 3$ , $g(\lambda)$ , $g( \frac{1}{2})$
, $P=(\begin{array}{lll}1 0 00 2 00 0 3\end{array})$ $V=(_{1/\sqrt{6}}^{1/\sqrt{3}}$$ t{2 $-1/\sqrt{3}1/\sqrt{6}1/\sqrt{3}$ $-2/\sqrt{6}1/\sqrt{3}0$) , $f(a)=$
$P^{a}VP^{1-a}=(\begin{array}{lllll}1 1 . 1 .. . . 0 1 6 . . .\end{array})$ ,
$g(a)=||f(a)||(0\leq a\leq 1)$ $g(1/2)=2.798077044$, $g(2/5)=2.795949312$
$\rho>0$ $T\in B(?t)$ Hilbert space $\mathcal{K}\supset \mathcal{H}$ $\mathcal{K}$ unitary operator $U$
,
$T^{n}=\rho QU^{n}|_{\mathcal{H}}$ $(n=1,2, \cdots)$
, $T$ $\rho$-contraction , $Q$ $\mathcal{K}$ $\mathcal{H}$ orthogonal
projection $\rho$-contraction , $T$ $\rho$-radius $w_{\rho}(T)$ ,
$w_{\rho}(T) \equiv\inf${$r>0$ : $\frac{1}{r}T$ is a p-contraction}
([H] ) 0 $<\rho\leq 2$ $w_{\rho}(\cdot)$ $B(\mathcal{H})$ weakly unitarily
invariant norm
, $T\in B(ft)$ $\lambda$-Aluthge transformation weakly unitarily
invariant norm
2. $T$ invertible
1 $T\in B(\mathcal{H})$ nvertible $T=VP$ $T$ porlar decomposition , $TB=$
$BT$ , $|||\cdot|||$ $B(\mathcal{H})$ weakly invariant norm ,





, $P^{\pm it},$ $V,$ $V^{*}$ unitary ,
$\varphi(\frac{1}{2}+it)=P^{-i\mathrm{f}}\cdot BVP\cdot P^{it}$ , $||\varphi$ ( $\frac{1}{2}+$ )|| $=||BVP||$ $(-\infty<t<\infty)$
, $VPB=BVF$ ,








2 $T\in B(\mathcal{H})$ invertible $T=VF$ $T$ poriar decomposition $f$
, $|||\cdot|||$ $B(\mathcal{H})$ weakly invariant norm ,
$|||f(P^{\lambda}VF^{1-\lambda})|||\leq|||f(VF)|||$ $(0\leq\lambda\leq 1)$
1 $f(z)$ $B\equiv f(VF)$
$||F^{\lambda}f(VP)VF^{1-\lambda}||\leq||f(VF)VP||$









, $B$ $VP$ , 1
$|||P^{\lambda}BVF^{1-\lambda}|||\leq|||BVF|||=|||f(VP)|||$
,




, $T$ invertibility , invertiblity
, semi-norm
$|||\cdot|||$ $B(\mathcal{H})$ semi-norm .
$|||X|||\leq\gamma||X||$ $\exists\gamma$ $(X\in B(\mathcal{H}))$ , (1)
$|||S^{*}XS|||\leq||S||^{2}\cdot|||X|||$ $(X, S\in B(\mathcal{H}))$ (2)
,
$|||Q|||=1$ $\forall$ orthoprojection $Q\neq 0$ , (3)
$XQ=QX$, orthoprojeciton $Q$ $\Rightarrow$ $|||X|||= \max\{|||XQ|||,$ $|||X(1-Q)|||\}$ (4)




$00)|||,$ $|||(\begin{array}{ll}0 00 B\end{array})|||\}$
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(3) , $|||\cdot|||$ operator norm equivalent, (1)
$\gamma’|||X|||\geq||X||$ $\exists\gamma’$ $(X\in B(\mathcal{H}))$
,
$r(X)\leq|||X|||$ $(x\in B(\mathcal{H}))$
(1), (2), (3), (4) norm , operator norm $||\cdot||$ , numerical radius $w(\cdot)$
$\rho$-radius $w_{p}(\cdot)(0<\rho\leq 2)$
,
3 $T\in B(\mathcal{H})$ polar decomposition $T=VF$ $|||\cdot|||$ t (1), (2)
$B(\mathcal{H})$ semi-norm , $0\leq\lambda\leq 1$ $f$
:
$|||f(P^{\lambda}VF^{1-\lambda})||| \leq\max\{|||f(VP)|||,$ $|||V^{*}\cdot f(VP)\cdot V+f(0)(I-V^{*}V)||\}$
$f(z)=f(0)$ $g(z)z$
$g(z)$ $(n=1,2, \ldots)$
$F$ invertible $\Rightarrow$ $F_{n}\equiv F$
$F$ not invertible $\supset$ $F_{n} \equiv P+\frac{1}{n}$
$F_{n}\ovalbox{\tt\small REJECT} 3$; invertible positive definite $-C^{\backslash }$ ,
0 $\leq P_{n}^{\lambda}-F^{\lambda}\leq\frac{1}{n^{\lambda}}$ $(n=1,2, \ldots ; 0<\lambda\leq 1)$
, ,
$f(F^{\lambda}VP^{1-\lambda})$ $=$ $\lim_{narrow\infty}f(P\ VF_{n}^{1-\lambda})$
$f(VF)$ $= \lim_{narrow\infty}f(VF_{n})$
-21 $\leq{\rm Re}(z)\leq\frac{1}{2}$ , operator-valued analytic function
$\varphi_{n}(z)(n=1,2, \ldots)$
$\varphi_{n}(z)\equiv f(0)+F_{n}^{\frac{1}{2}-z}\cdot g(VP_{n})\cdot VP_{n}^{\frac{1}{2}+z}$
${\rm Re}(z)= \frac{1}{2}$ ${\rm Re}(z)=- \frac{1}{2}$ norm :
$\varphi_{n}(\frac{1}{2}+it)$ $=$ $f(0)+F_{n}^{-it}$ . $g(VF_{n})VP_{n}$ . $P_{n}^{i\mathrm{f}}$
$=$ $F_{n}^{-it}\cdot f(VP_{n})\cdot F_{n}^{it}$
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$\varphi_{n}l-\backslash \frac{1}{2}+\mathrm{i}t)$ $=$ $f(0)+F_{n}^{-it}P_{n}\cdot g(VP_{n})V\cdot P_{n}^{it}$
$=$ $F_{n}^{-it}\{f(\mathrm{O})+F_{n}\cdot g(VP_{n})V\}P_{n}^{it}$
$F_{n}^{\pm il}$ unitary
$\sup_{t\in \mathrm{R}}|||\varphi_{n}(\frac{1}{2}+\mathrm{i}t)|||$ $\leq$ $|||f(VF_{n})|||$
$\sup_{t\in \mathrm{R}}|||\varphi_{n}(-\frac{1}{2}+\mathrm{i}t)|||$ $\leq$ $|||f(\mathrm{O})+F_{n}\cdot g(VP_{n})V|||$ .
$|||f(I_{n}^{\lambda}UF_{n}^{1-\theta||}$ $=$ $||| \varphi_{n}(\frac{1}{2}-\lambda)|||$
$\leq$ $\max\{|||f(VF_{n})|||,$ $|||f(0)+F_{n}\cdot g(VP_{n})V|||\}$
limit
$|||f(P^{\lambda}VF^{1-\lambda})||| \leq\max\{|||f(VP)|||,$ $|||f(0)+F\cdot g(VP)V|||\}$
$V^{*}VF=P$
$f(0)$ $F\cdot g(VF)V$ $=$ $V^{*}\{f(0)$ $VF\cdot g(VP$) $\}V+f(0)(I-V^{*}V)$
$=$ $V^{*}\cdot f(VP)\cdot V+f(0)(I-V^{*}V)$ .
$|||f(0)$ $P\cdot g(VF)V|||$ $=$ $|||V^{*}\cdot f(VP)\cdot V$ $f(0)(I-V^{*}V)|||$
, 3
4 $f,$ $\lambda,$ $T=VF$ 3 , (i), (ii), (iii)
$|||f(F^{\lambda}VF^{1-\lambda})|||\leq|||f(VF)|||$
(i) $f(0)=0$,
(ii) $V$ isometry , $\dim(\mathrm{k}\mathrm{e}\mathrm{r}(T))\leq\dim(\mathrm{k}\mathrm{e}\mathrm{r}(T^{*}))$ ,
(iii) semi-norm $|||\cdot|||$ (3), (4)
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(i), (ii)
$|||V^{*}\cdot f(VP)\cdot U+f(0)(I-V^{*}V)|||=|||U^{*}\cdot f(VP)\cdot V|||\leq|||f(VP)|||$
(iii) , ( $V$ isometry )
$|||V^{*}\cdot f(VP)\cdot V+f(0)(I-V^{*}V)|||$ $=$ $\max\{|||V^{*}\cdot f(VP)\cdot V|||,$ $|f(0)|\}$
$\leq$ $\max\{|||f(VF)|||,$ $|f(0)|\}$
,










$||f(F^{\lambda}VF^{1-\lambda})||\leq||f(VF)||$ , $w(f(P^{\lambda}VF^{1-\lambda}))\leq w(f(VF))$
$0<\rho\leq 2$ , $\rho$-radius (1), (2), (3), (4) norm , 4
(iii) $\rho>2$ , $X\in B(\mathcal{H})$ , $w_{\rho}(X)\leq 1$
$r(X)\leq 1$
$|| \sum_{k=1}^{\infty}\frac{(\rho-1)^{k}|z|^{k-1}}{\rho^{k}}X^{k}||\leq\rho-1$ for $|z|\leq 1$
([A-O] ) , 5 $w_{\rho}(f(T))\leq 1$






$|z|\leq 1$ , , $w_{\rho}(f(P^{\lambda}VF^{1-\lambda}))\leq 1$ $^{\mathrm{a}}$
5 $\lambda=\frac{1}{2}$ [I-N-O-Y]
$X\in B(\mathcal{H})$ $X$ $W(X)$ :
$W(X):=\{(Tx, x)|x\in \mathcal{H}, ||x||=1\}$
, $\lambda$-Aluthge transformation $W(\cdot)$
6 $f(z),$ $\lambda,$ $V,$ $P$ 3 , $W(\cdot)$
,
$\overline{W(f(P^{\lambda}VP^{1-\lambda}))}\subset\overline{W(f(VF))}$
operator A , $1\leq\rho\leq 2$




6 $\lambda=\frac{1}{2}$ , $W(P^{1/2}VF^{1/2})$ $\subset W(VF)$ $[\mathrm{Y}],[\mathrm{W}]$
, 6 $\lambda=\frac{1}{2}$ [I-N-O-Y]
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